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Do mathematically able students just learn their mathematics faster than average
students? O, is there sonething fundanentally different in the way they
nental ly process mathemati cal concepts and approach problens? If there is a
fundanental difference, what are the inplications for teaching our nost able

mat hs students?

Wil e the debate over who is actually gifted continues, suffice it to say that
in this paper we are tal king about children who are obviously gifted in

mat hemati cs. There is, however, no such thing as a typical gifted child - they
do not form a honpbgenous nob. Children nay be gifted in sone subject areas and
not in others. The asynchrony in their devel opnment and interest needs to be
built into their curriculumoptions. Gfted students are capable of nore than
just the sane stuff presented at a faster rate. Research now indicates they need
exposure to qualitatively different material that enhances their particular
abilities and gifts, and capitalises on the manner in which they tend to process
new i nformation. Gfted students are known to think differently and may rely
upon different brain structures and circuitry when doing so (O Boyle, 2000a;
2000b) .

In over a decade's work focusing on the functional organisation of the gifted
brain, O Boyle, et al (1995) have suggested that the mathematically gifted brain
is qualitatively (not just quantitatively) different fromthose of their average
ability cohort. And, using a variety of neuropsychol ogi cal neasures, they have
shown t hat enhanced devel opment of the right cerebral hem sphere and an unusua
reliance upon it when processing information for the purposes of |earning, my
be key characteristics of the mathematically gifted brain. In addition, the

mat hematically gifted exhibit an enhanced ability to switch and adjust brain
activation levels in an orchestrated and co-ordi nated manner between the left
and right hem spheres when processing new information. This may be acconpli shed
via a brain structure known as the Corpus Callosum- the najor connecting fibre
bet ween the two hemi spheres. Thus, the ability to optim se the use of both

hem spheres nay be a special aspect of gifted brain functioning. Interestingly,
ot her researchers (Wtelson, et al., 1999) have exam ned the brain of Al bert
Einstein and found it to be characterised by enhanced devel opnent of the
parietal |obes, particularly on the right side. This is an area known to be
related to the formati on of nental inages and is the very area that has been
inmplicated in the O Boyle, et al (1995) research as being related to

mat hemati cal precocity in adol escents.

In this light, it is interesting to reflect on what Einstein wote in a letter
to Jacques Hadamard and quoted in the classic work The Mathematician's M nd
(Hadamard, 1996, originally published in 1945)

"The words of the |anguage, as they are witten or spoken, do not seemto play



any role in ny nmechani smof thought. The psychical entities which seemto serve
as elenments in thought are certain signs and nore or |ess clear inmages which can
be 'voluntarily' reproduced and conbined.... The above nentioned el enents are,
in my case, of visual and sone of nuscular type. Conventional words or other
signs have to be sought for |aboriously only in a secondary stage, "

In Qur d assroons

What are the inplications of this new way of considering the qualitatively
di fferent nechani sns that seemto underlie gifted maths ability? How can we
translate this into the classroon? Consider the cases of four hypothetica
student s.

The imagi nary students used in this discussion are represented on the curve
above. These scores reflect each student's |evel of performance in mathenmatics
on an arbitrary scale; they do not represent their relative abilities in other
subj ect s.

Sandy: An average kid in the class. The regular curriculumis designed for
Sandy.

Tam A bright kid. Maybe defined as gifted, maybe not. Tam does well in

mat hemat i cs.

Chris: Areally bright kid. Chris is capable of really standing out in

mat hemat i cs.

Kim |s so highly able that the general curriculumholds little if any
challenge. It may be that Kims extrene abilities are in a narrow area, maybe
nore so in maths than other subjects. The nore extrene the ability the nore

i ndi vi dual i sed the program needed.

Any of these students may be performng belowtheir ability level. Gftedness is
a potential and there are many reasons for under-achi evenent. For exanpl e,
boredom can be a major factor. So in any given class you may have 28 students
with lots of Sandys, a few Tans, naybe a Chris or two, and occasionally a Kim
There are probably a fewin the class needing | earning support as well. Al have
equal rights to learn - not just sit in the class, but to actually learn to
their potential

If a student can denonstrate conplete mastery of a topic there is little reason
to spend additional tinme studying it. They m ght do none of the topic, or only a
smal | part - whatever they need to score highly (but not perfectly) on the fina
assessnent. It is essential that assessnent is not busy work such as a | ong
research project where factual information is shifted fromsource to report,
with only the wordi ng changed to nake it "original"

Teachers need to enrich the student's ability to explain alternative nethods,
and not to force nethods upon themthat are designed for the mgjority. The
gifted think, process and feel differently about maths and hence engage concepts
and conponents in a different manner, and thus require different nodes of
expressing their ability.

Cl assroom Real ities

Teachers are often tired and usually flat out just covering the standard
syl | abus. Managi ng a conpaction and enrichnent nodel in the classroomis a
significant ask of any teacher. The key is to realise that any given teacher
will be virtually fully occupied with the rest of the class. Thus "teaching"



anot her nore advanced topic is not a realistic expectation. It is probably not
be in the best interest of the class to be noving on to topics that are well
beyond the regular curriculum It is far better to be using the ability of
gifted students to think qualitatively differently and bring into the extended
curriculum material that cannot be readily conpleted by the average student.

For exanple, a little test: as a teacher, can you think of topics that excite
you in your subject area, but are glad you do not have to (or could not) explain
to the whole mixed ability class? Is there an instinct you are aware of for
students who just feel a particular subject area? You may not be able to define
it, but you can often recognise it. That is the foundation of the qualitatively
di fferent curriculum of which we speak

The task then is to recognise the different learning styles of the extrenely
able and cater to themvia selective extension tasks. Wiile Sandy will ask, "how
do | do this problen?" and apply the nethods taught, as we nove up through Tam
Chris and Kim the approach may be very different. As we get to Kim there is an
i nstinct which sees the nmathematics, feels it and gets answers intuitively,
often unable to quote a nethod unl ess that experience has been part of their

enri chnent expectations. This scenario, of course, assunes the problenms have
sufficient difficulty to challenge Kim which is not always true in the average
cl assroom

Hi ghly gifted maths students are not always first in tables races. Nor do they
finish sinple arithmetic tasks extrenmely quickly, or even accurately. Ability at
nental arithnetic, while a sign of intelligence, may be nore a sign of good
nenory than mathematical instinct. Many nmathematical ly abl e individuals have
average nmenories, but are strong in logic. Hence, give them6 x 8 and they nay
remenber 6 x 7 and add another 6. It is a slower process, but correct. Thus,
nenory and arithnetic ability are not reliable indicators of exceptional maths
ability.

From a very young age teachers need to ask high ability maths students to
explain their reasoning. Talk mathenmatics. Feel mathematics. Play with

mat hematics. Enjoy it in their own way, w thout the pressure to conformto
standard nethods. They need to | earn how to conmuni cate their thinking. Teachers
nmust be willing to accept variation in the way mathematical solutions are
presented. As long as it is communicated clearly and is nathematically correct,
does it matter if it does not match the exact nethod taught to the class - a

net hod often geared to the average ability nmajority?

An Exanple to Try

One clear sign of mathematical ability is the tendency to engage a given
problem and extend beyond it. This can not be done in time-limted situations.
Consi der a sinple exanple problemthat seens to differentiate between maths
ability levels. Note that before beginning the task, the nunber FOUR is witten
el sewhere.

Accurate Prediction

| have witten down a nunber el sewhere, and | amsure to predict the outconme to
your calculation. | amable to control your mnd to ensure you wite down
lettering, which will work. O am|l?



| want you to wite down your nanme - your whol e nane. Spaces, m ddl e nane,
what ever you like. I'"msure to be right whatever you wite.

Count how many letters, spaces and any special characters |ike apostrophes or
hyphens. Wite down - in words - the nunber you counted.

Count the nunber of letters, hyphens and spaces in the word or words for the
number. Wite it down in words.

Count the nunber of letters, hyphens and spaces in the word or words for the new
number. Wite it down in words.

Keep doing this until you keep getting the same result over and over. The "keep
doing this bit" is called Iteration. Iteration is taking the result of one
process and starting with it to do the process over again. You then take that
result and do it again, and again, and again. lteration is a very comonly used
process. In fact Nature is just one long iterative process. But that's another
story!

Have you cone to the point where you just get the sane thing over and over?
Let's see if | predicted it right. (Check against the previously witten nunber
FOUR. )

Wy was | right?
How do you know? Can you explain why | will always be right?

I nfornmal observations over many trials of this problem have indicated that
Sandys will try a few different exanples and say, "yes, it always works." Some
will say "so what?" The Tans will probably | ook at the words and note sonething
about FIVE, NINE and FOUR as al ways ending up at FOUR and hence di scover a
processing |oop. Tamnmay tell you how the |arger nunbers all collapse to the
smal | er ones, and Chris will probably give an exhaustive proof, show ng that
each nunber nust end up in the smaller nunbers, and how the | oop works for every
possibility, and thus prove they nust all end at FOUR Chris will then probably
note that this is dependent on the English | anguage and try sone others noting
that different |anguages |ead to different processing | oops and different
endpoi nt s.

Kim (and maybe Chris) will usually nove to a generalisation. This tendency to
try to generalise and construct absolute rules is yet another sign of high maths
ability. Kimw Il probably see the relationship to iteration and ot her

behavi ours that are iterative. For exanple, Kimmght link this processing | oop
to science fiction tine travel or sonme related phenomenon. O, Kimmght try to
construct a | anguage where there is no loop or fixed endpoint. Gven the
opportunity, Chris or Kim m ght describe nunbers as images of |ight bouncing
around as crystals in their head. The tinme spent on the problemvaries inversely
with the mathematical ability. And, faster is rarely better.

Interestingly, an ol der Sandy does not behave |ike a younger Kim This is the
secret of qualitatively different material. It generally will not engage an
aver age student of any age. It does not involve a nethod that can be taught or
applied without understanding. It requires the instinctive engagenment of a
qualitatively different way of thinking and feeling about mathenatics.

So how can such extensions be nmanaged in the mxed ability classroom where the
ot her twenty-four students are in need of basic maths instruction? One nethod,
descri bed bel ow, not only handl es cl assroom managenent, but nore inportantly, is



educationally valid as well.
Dear Teacher, ...cheers, Student.

Here is a suggestion - have gifted students send their teacher letters or
emails. Dear Ms ...or H M ...They do not denmand tine during class, amd all the
ot her demands, and refusal of the teacher for instant gratification of the
correct answer ensures the opportunity for the student to reflect and extend.
There is no closure of the usual tick, but there is also no reward for avoiding
risks.

The reason the above nethod seems to work is that students never wite "Dear
Teacher, 23. Luv Chris." O "Dear Ms Educator, la. 35, 1b. negative. Regards,
Tam" They feel obliged to say sonething. It is a letter after all. They al ways
say nore which i medi ately enabl es the teacher to probe for further expression
of their thinking. The teacher does not grade their letter, they wite back,
asking for clarification. They suggest alternatives. They praise the proof that
did not work, and the generalisation that is alnbst there. They can rejoice in
the pattern found in prinmes that did not always hold up, but represented a good
try anyway.

Through these letters students comunicate their thinking, solutions, ideas,
hassl es, what the dog did, silly m stakes, news of a broken arm and anything

el se which conmes to mnd. Mre inportantly, teachers want the students to take
tine to reflect and probl em pose, to engage and link to other disciplines, to
generalise and try for a proof. Teachers want their students to verbalise their
mat hemati cal thinking, reflect upon it, and take tine to appreciate and devel op
their tool box of techniques. Teachers want themto envision other nethods they
m ght use to gain a deeper understanding of their metacognitive approach to
maths. This is what conpaction allows themto do. Rush the easy stuff and

i ndul ge the higher level skills.

In terms of formal assessnent, when the teacher asks for working to be shown on
a maths test, nost gifted students have the skills to explain their own working,
and nost teachers are happy to accept that. It is the |ack of working and
explanation that is judged to be unacceptable. Myst good mat hs teachers accept a
wel | reasoned alternative method. There is a bal ance between all ow ng and
encouragi ng instinctive methods and the need for students to be able to

comuni cate their thinking. Materials and nethods that encourage qualitatively
different thinking are now beginning to optim se the |earning of mathenmatically
gifted students and their ability to think and comuni cate about mathenati cs.

What is Qualitatively Different Mathematics?

There are many references in the literature (sonetinmes taken from bi ographies
and interviews of highly able maths students) which describe the type of

probl enms teachers should be offering to encourage their qualitatively different
way of thinking. These are typically problens that are not accessible to the
average student and are generally not included in the regular curriculumto any
dept h. Topi cs such as gane theory, nunber theory, non-Euclidean geonetry, |ogic
puzzl es, paradoxes, fractal geonetry and so on, are exanples. As are nost

probl ems which involve patterns and i mages, and that are open and have
significance and rel evance, things which enable students to feel the aesthetic
side of mathematics. Teachers need to rely on nore than just the great problens
(Mobius Strip, Hotel Infinity, Codes and C phers, Mgic Squares, problens on
prines and irrationality, etc.), they need to include what theorists in gifted
education refer to as scope and sequence. There need to be neasurable



educational outcones, a sequential devel opment of skills, curriculumgoals and
so forth. School should not be a matter of "killing time" but rather a place to
nurture these students' advanced instincts and feelings about naths.

Mat hematically gifted students can do nore than just cover the regul ar
curriculumfaster and better. They are capable, to varying degrees, of
qualitatively different kinds of thinking, conpleting nore conplex tasks at each
| evel, and expressing a feeling and instinct for all things nmathematical. As
teachers, it should be our mission to create a classroom environment that caters
to these special needs.
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